LINEARIZED THEORY FOR FLOWS ABOUT LIFTING FOILS AT ZERO
Indicates quantities determined on the cavity surface refer to cavity flow, Figure 1 refer to non-cavity flow, Figure 2 symbolizes "order of"
INTRODUCTION
With the increasing speeds of naval vessels and underwater missiles, effects of cavitation become increasingly important. For sufficiently high speeds, the design of propellers, plane control surfaces, and main supporting foils requires information regarding the forces and moments developed on lifting surfaces with fully developed, trailing cavities. For surfaces of moderate aspect ratio with sufficiently long cavities, much of the necessary design information would be obtained from studies of two-dimensional hydrofoils operating at zero cavitation number, that is, with a pressure in the cavity equal to the pressure of the undisturbed stream. Such a study, utilizing a first-order approximation linearized theory, comprises the content of the present paper.
The actual problem being considered here may be stated in the following way: To find the lift, drag, and pitching moment about the leading edge, of two-dimensional sections immersed at an angle of attack, in a uniform, infinite, steady, inviscid stream for which it is assumed that cavitation occurs when the fluid pressure on the surface of the body becomes equal to the pressure of the undisturbed stream. For such a flow, the cavity extends to infinity. The hydrofoil sections are assumed to be of almost arbitrary shape; the only specifications are that (a) they have sharp trailing edges and sufficiently sharp noses so that cavi.
tation occurs at both the leading and trailing edges,(b) the section is sufficiently thin so that its upper surface lies completely within the cavity which springs from the leading edge and thus does not play a role in the determination of the flow pattern, and (c) the slopes and curvatures of the sections' bottoms are sufficiently small to allow meaningful results to be obtained from the linearized theory. Although the problem is considered for all sections meeting the above specifications, the derived results are physically meaningful only for those sections for which the derived pressures on the bottom surface are nowhere less than the pressure of the stream at infinity.
Earlier mathematical investigations which are pertinent to the present problem (see 
LINEARIZED THEORY
It will be useful to consider both the linearized version of the present cavitation problem and the classical problem of thin airfoil theory, for which the solution has long been known. On the bottom of the hydrofoil, the streamline slope is specified by
On the airfoil, the streamline slope is specified on the top by 
On the wall of the hydrofoil's cavity, the static pressure and thus the cavitation number are specified. From Bernoulli's equation it follows that
.00
It may be inferred from the Cauchy-Riemann equations that the perturbation velocity changes very slowly in space if streamline slopes and curvatures are small, so that some justification exists for satisfying linearized boundary conditions on the x-(or x-) axis instead of on the thin bodies. At this point it is not profitable to attempt further to justify the approximations involved in the linearization, but rather to provide further justification thru a comparison that will finally be made between exact and linearized results for a particular case (pages 9 and 10).
The linearized boundary conditions become
Finally, then, the linearized problems may be stated: To find the harmonic functions € (a, y) and 6 (X, ;) whose gradients in the limit vanish everywhere on a circle of sufficiently large radius about the origin, which satisfy the boundary conditions of
[3a] (which are incorporated in Figures 3 and 4 ) and which, for the sake of physical reality, produce smooth flow at the points (s, 0-) and (g, 0). In Figure 4 , the asymmetry of (X, y), which follows from the definition of b(a, y) just given, is used to specify boundary conditions on the entire i-axis.
The problem for (i, y) is essentially solved through the observation that its boundary conditions may be satisfied by a suitable distribution of vortex singularities placed on the interval 0 < i < s. The strengthof the distributed vortex singularities is proportional to u(i, 0+). An integral equation is then obtained which relates u(, 0+) to the airfoil shape.
It is
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THE HYDROFOIL-AIRFOIL EQUIVALENCE
It is now to be shown that for every cavitating hydrofoil problem of the type just described, an intimately related thin airfoil problem exists whose solution may readily be converted into the solution of the hydrofoil problem.
First, recall that the complex velocity is an analytic function of the complex space coordinate:
and that the function g (4) created from f(s) by a conformal transformation of the z-space to a new, say, C-space is also a complex velocity.
Then consider the transformation
CONFIDENTIAL CONFIDENTIAL which transforms the top of the positive x-axis into the negative e-axis, the bottom of the positive x-axis into the positive 6-axis, and the entire z-plane, exclusive of the cut positive x-axis, into the lower half of the 4-plane.
The flow problem, schematically illustrated in Figure 3 , is shown as a complex variable problem in the original z-plane in Figure 5 , and is shown in the transformed C-plane in Figure 6 .
It follows from a comparison of Figures 4 and 6 , that the problem represented in Fig - ure 6 is exactly a thin airfoil problem. The airfoil equivalent to any given hydrofoil is one such that (using the initial notation for the airfoil flow):
and U = Uoo 
As a consequence of the hydrofoil-airfoil equivalence, the lift, drag, and pitching moment of a hydrofoil correspond to certain characteristics of the equivalent airfoil.
For the hydrofoil:
The drag D=-
The moment M about the leading edge (+ counterclockwise)
Using the linearized Bernoulli equation and nondimensionalizing, these expressions
% P 2 0 S2 u, These coefficients may be expressed in terms of quantities in the airfoil plane:
The expression for the drag coefficient may be further reduced by using the result contained in Equation [4] :
Using the identity

I4'u(S,
For the equivalent airfoil:
The moment TM about the leading edge (+ counterclockwise)
The third moment M 3 = 3 [11] [12]
[13]
Again using the linearized Bernoulli equation and nondimensionalizing, these expressions become:
[9e]
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[15]
These results, together with Equation [6] which defines the airfoil equivalent to a given hydrofoil, completely accomplish the reduction of the hydrofoil problem to an airfoil problem. They will be used in the following sections to study the characteristics of the supercavitating hydrofoil.
THE FLAT-PLATE HYDROFOIL
The case of the cavitating flat plate at an angle of attack a is particularly interesting since the exact solution has long been known (see Reference 5, Chapter IV) and because it provides information on forces and moments due solely to angle of attack,
The exact results for lift, drag, and pitching moment are:
According to Equation [6] , and as has been noted, the flat-plate hydrofoil at angle of attack a is equivalent to a flat-plate airfoil at angle of attacka . It is easily shown, using results of the thin airfoil theory, (see Appendix A) that
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The shape of the cavity may also be determined. It is shown in Appendix B that a foil of unit chord:
In 1+2fr + 2 X7)Jc> 1 and,
The fact that the linearized theory, as applied here to the case of the flat plate gives results for forces, moments, and cavity shapes that are identical with the leading term in the exact solution expressions for corresponding quantities, is an important justification for the linearized theory and, in addition, provides a check on the correctness of the hydrofoilairfoil equivalence results.
THE FLAPPED-PLATE HYDROFOIL
Because of its usefulness as a control surface, the configuration consisting of a hydrofoil with a hinged or flapped after portion is of particular interest. As a particular case, and one revealing the effect of the flap size on the flap effectiveness, the flapped-plate hydrofoil, as shown schematically in Figure 7 , will be discussed.
It follows from Equations [A7] and [A8] that
A 0 = e --h) 
[25] 
LOW-DRAG HYDROFOILS
The specification of hydrofoils with low cavitation drag is a problem of great practical importance. Because the drag may be several times larger than necessary on an improperly designed configuration, the success of high-speed hydrofoil boats and, particularly, supercavitating screws may well depend upon the proper choice of the hydrofoil sections.
It is of interest first to determine the minimum CD (the lift coefficient being specified) for the class of all possible cavitating hydrofoils. In view of the hydrofoil-airfoil equivalence, the problem becomes one of determining the minimum CL (the moment coefficient being speci- [28]
[29]
8C.
'
This optimum may be compared to the lift/drag ratio of the flat plate, which, as has already been indicated, is an inferior section.
(CLa
It is of importance now to specify a family of hydrofoil sections with relatively lowdrag characteristics. Such a family is one whose equivalent airfoil family is described by 
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Then, 
where CLd is the design lift coefficient. The shape of these sections is shown in Figure 11 where (yo/s)/( 4 CL /5r) is plotted as a function of (x/s).
Comparison of the drag characteristics of these low-drag airfoils with those of a flat plate reveal that for a given lift coefficient they have only one sixth the drag of a flat plate.
Comparison with the optimum case (Equation [30] ) indicates that even this low-drag family may be improved upon. Such a development is not to be attempted here.
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U~.~aorxln*.-~C~~ C* " -~*"-~ ~"-~Yul-rrarm~ r~*rorx* un It is to be noted that the lift/drag ratio calculated (Equation [41] ) is only obtained when the foil is operating at its design lift coefficient, for which, incidentally, the flow enters the leading edge without stagnating (so-called "shock-free" entry). For angles of attack less than the design angle, the foil will probably cavitate on the lower side and the lift will probably be reversed. It may thus be desirable to operate a foil at some angle of attack slightly larger than the design angle. For such a case it may be shown that
where '" is the difference between the operating angle of attack and the design angle of attack. These ratios are shown for several members of the low-drag family in Figure 12 .
Large increases in drag result when foils are operated at angles of attack substantially larger than the design angles. Nevertheless, cavitation drags equal to or even less than the magnitude of the viscous drag of one wetted surface can probably be obtained in a practical design. Thus, from the drag point of view, supercavitating configurations may be designed with characteristics not inferior to those of noncavitating configurations. Table of 
USEFUL RESULTS OF THE LINEARIZED AIRFOIL THEORY
The notation of Figure 2 will be used; in particular, the airfoil ordinate yo (x) is measured normal to the free stream direction. This notation differs from that of Glauert (Reference 4, Chapter VII) where the airfoil ordinate is measured normal to the chord line and accounts for those differences between the presentation below and that of Glauert.
and it is assumed that 2 4 r (5A
It also follows from Equation The thin airfoil shape being given, the above relations permit the calculation of pressure distribution and resultant forces and moments.
APPENDIX B WAKE SHAPE ACCORDING TO LINEARIZED AND EXACT THEORIES LINEARIZED THEORY
According to the assumptions of the linearized theory and using the notation of Figure   1 ,
The problem of finding v (t, 0+) and v (t, 0-) for the hydrofoil may be transformed into the As the polygon in the complex velocity plane is traversed from B to C to D to A to B, the region on the right is to be transformed into the lower half of the physical plane. The vertices of the polygon BCDAB are to be mapped into the points 0 and 1 in the physical plane.
The interior angle at C is rr/ 2 ; the interior angle at B is -i/2. The mapping function is then: 
EXACT THEORY
The exact wake shape in parametric form is easily found by making use of the results of the exact solution as presented in Reference 2, Chapter XII.
In the present notation and assuming a plate of unit chord, 
CONFIDENTIAL CONFIDENTIAL APPENDIX C LISTING OF USEFUL THEORETICAL RESULTS
For convenience, the most useful theoretical results are listed below:
Relationship between hydrofoil shape and equivalent airfoil shape:
dyo,) dYo dx di [6] Relationships between hydrofoil forces and moments, and equivalent airfoil forces and moments:
1= C
S--L 2 8R
[14]
[15] [16] Forces, pitching moment about leading edge, and lift/drag ratio for a flat-plate hydrofoil (a= 0):
[17 a]
[18a]
[19a]
[31]
Forces and pitching moment about leading edge for a flapped-plate hydrofoil (a = 0) (see [25]
[26]
[23]
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Lift/drag ratio for relatively low-drag hydrofoils (a = 0) (see Figure 11 ):
where CLd is the design lift coefficient and c' is the difference between the operating angle of attack and the design angle of attack.
